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SU(2) Charges as Angular Momentum in N = 1
Self-Dual Supergravity
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The N = 1 self-dual supergravity has SL(2, €) symmetry. This symmetry results
in SU(2) charges as the angular momentum. As in nonsupersymmetr ic self-dual
gravity, the currents are also of their potentials and are therefore identically
conserved. The charges are generally invariant and gauge covariant under local
SU(2) transforms and approach being rigid at spatial infinity. The Poisson brackets
constitute the su(2) algebra and hence can be interpreted as the generally covariant
conservative angular momentum.

The study of self-dual gravities has drawn much attention in the past
decade since the discovery of Ashtekar’s new variables, in terms of which
the constraints can be greatly simplified."” The new phase variables
consist of densitized SU(2) soldering forms & A4® from which a metric
density is obtained according to the definition ¢; = —Tré;é;, and a
complexified connection A8, which carries the momentum dependence in
its imaginary part. Ashtekar’s original self-dual canonical gravity also
permits a Lagrangian formulation.®* The supersymmetric extension of
this Lagrangian formulation, which is equivalent to simple real supergravity,
was proposed by Jacobson,” and the corresponding Ashtekar complex
canonical transform was given by Gorobey and Lukyanenko.® The Lagran-
gian density is”
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££j = %E (eAA' /\ €B4 /\ FAB + ieAA' /\ \-IIA' /\ @\IIA (1)
The dynamical variables are the real tetrad e?* (“real” means ¢** = ¢**)
the traceless left-handed SL(2, €) connection Ay, and the complex anticom-
muting spin-3/2 gravitino field W, . The SL(2, €) covariant exterior derivative
is defined by

>

DYps = dlye + A A Uy (2)
and the curvature 2-form is
FMN = dAMN + AMP A APN (3)

The indices are lowered and raised with the antisymmetric SL(2, C) spinor
€*® and its inverse €5 according to the convention Az = A€ 5, 1! = €*fhp,
and the implied summations are always in northwesterly fashion: from the
left-upper to the right-lower. The Lagrangian equation (1) is a holomorphic
function of the connection, and the equation for A4 is equivalent to

Pt = j‘l’A A gt (4)

provided ¢ is real. The Lagrangian +(£; + ) for real supergravity is a
nonholomorph ic function, but leads to no surfeit of field equations. Under the
left-handed local supersymmetric transform generated by the anticommuting
parameters €4

oV, = 29€,, oV, =0, Oear = —il €y (5

the Lagrangian ¥; is invariant without using any of the Euler-—Lagrangian
equations, while under the right-handed transform

8\]},4 =0, 8(]1,4’ = 2@@,4', Oeqn = _l'\IIAéA' (6)

&, is invariant modulo the field equations.
The (3 + 1) decomposition is effected as

$j = eNkABAkAB + ;IKA(II/CA - H (7
H = eoun K+ VouP' + P Vs + AosF™® + (total divergence) (8)
The canonical momenta are

e~kAB p— ijk  AA" B

1
- TEE e " e 9

~ i ” ,
TEkA .= TE EljkeiAA ij’ (10)
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and the constraints are

G .= %E NP Py — 7 DY) (11)
P4 = gy (12)
G4 .= L\E e MG (13)
g4 .= gy, KB — ;tk(A\IIE) (14)

The 0-components eoa4, Vo, Yo, and Ao4p are just the Lagrange multi-
pliers and the dynamical conjugate pairs are (6™E, Ajap), (™, Vrs). The
constraints % = 0 and $* = 0 generate

FAB = (& Fi)*B + 2m/e D e + 2D )EE =0 (15)
.
g .= TE €6 P p =0 (16)

The equations of motion will be properly expressed in Hamiltonian form /"=
{H, f} if we assign the Poisson brackets

(), Aup(9)} = /800 8 (x, ) (17
(), i)} = =88 "8"(x, ) (18)
all other brackets among these quantities being zero. This is the outline of

the theory.

In previous work we obtained the SU(2) charges and the energy-momen-
tum in the Ashtekar formulation of Einstein gravity'™® and they are closely
related to the angular momentum® 'Y and the energy-momentum'? in the
vierbein formalism of Einstein gravity. The fact that the algebra formed by
their Poisson brackets does constitute the 3-Poincaré algebra on the Cauchy
surface supports from another aspect that their definitions are reasonable.
Similarly, the study of SU(2) charges in the self-dual supergravity considered
is also an interesting subject. In the following, we will employ the SL(2, C)
invariance to obtain conservative charges as we did previously.® Under any
SL(2, €) transform

epar —> LARP epp, Vs —> L Vs, Vs — RAP Vg
Ay = L AuP(L7 ey + Lu0u(L™ ) ay (19)

<, is invariant. L and R are not necessarily related by complex conjugation.
Note that L = —(L™')s4; the transform of 4 may also be written as
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AuMN —> LMALNBAHAB - LMAﬁuLNA (20)
For infinitesimal transform, L,/® = 3% + &%, where & 45 = —&z,are infinites-
imal parameters. Thus we have

A =1 A —dg, Oy =&y (21)

When calculating the variation of the Lagrangian, one must take into consider-
ation the anticommuting feature of the gravitino field. We write the variation
in such a way that

_ _ 0 40
8¢ (8¢A H 66H¢A) £+ 8“(8(') 66H¢A ££J) (22)

where ¢ denotes any field involved in the first-order Lagrangian. Now both
0100 and 0/00,¢* are (anti)commuting if ¢* is (anti)commuting, and so
there is no ordering problem.

The invariance of £, under the infinitesimal SL(2, C) transform is
equivalent to the following modulo the field equations:

0L 0L
B—CLl —oks | _
ap( Sa o+ Blaa %A) 0 (23)

For constant &, we have
1 , ] '
6.3(?5 e, M e (8, Aol + fE €7, M qvar(wG)A) =0 (24)

We therefore have the conservation of SU(2) charges

Oujtiz = 0 (25)
where
LT - L Hvpo A M MA'
Jag = \EE epd” evuaAsp” — ey " evpa Asma
+ ) €ud qva Von + euB \‘VVA \IIGA) (26)
Thus

Jup = J Jos d’x 27
>
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where
N SR M MA
JjaB = \E El](eiA eiuaAs” — i " ejpaAima

i ' I ,
+ E eid Vi Vip + E eis” UjaVia)

Using Egs. (9) and (10), we can write 7%z as
7 = (65, Aas + Tl

The constraint & 45 = 0 guarantees that

~k ~k
Jup = Ok€ap = €ap ds;
z ox
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(28)

(29)

(30)

where ds; = y€; dx/ A dx*. Tt can also be obtained in the following way.

Using the field equation e*“ A (De5 — U A Ys) = 0, we have

A M L
ePrve euA( Ocevpa + Aspevus + ) q/vA'\lch)

, i
+€ﬁ3( Osevaa + Adsewms + quvA'\lch) =0

SO
7o L puve A
J4aB — — \E 6G(euAevBA’)
Using
A’ _ [
€lud €eviB4 — €|uaceviB I \E”[uev}AB
we have

~0

_ ik '
J 4B = €O e f‘zl’Aej]BA’)

€ Oleriacens” — i \En[iej]AB)

N P

L A
TE € Oneie)ap = O'p

(3D

(32)

(33)

(34)

which is exactly the same as Eq. (30) We can thus have the Poisson brackets
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{Jap, Jun} = {J & dsy, J (" Aipy + N Aipy) d 3X}
ox z

(Ius€np + Jup€na + Ina€up + Jya€np) (35)

N =

Now the flat dreibein on X is needed in order to find the angular momentum
Ji. To clarify the notions, we use the following conventions: W, V, ... denote
the 4-dimensional curved indices and i, j, k, denote the 3-dimensional curved
indices on X; a, b, ¢, ... denote the flat 4-dimensional indices and /, m, n,
... denote the flat 3-dimensional indices on X. The rigid flat vierbein is
denoted E%, and the rigid flat dreibein is denoted E’jz. Then define

I = EquJAB (36)

o

and using the relation €"E,,E, = \EE !, we have
{Jm, Jn} = EmnlJI (37)

Therefore the su(2) algebra is restored. As in the nonsupersymmetric case,™
we can also obtain only the SU(2) charges instead of the whole SL(2, C)
charges. Yet, the angular momentum J,, obtained in refs. 9 and 10 is com-
pletely contained in Jyy since we have from Eq. (32) that

~ 1~ a A ,
T = _5 o E“ 4 Epy (38)

where j%; is the angular momentum current obtained in refs. 9 and 10,
o = B 0u(epaen) (39)

and the angular momentum is

Jab = jgb d3X (40)
)
Hence
Jun = — I B Eyva = — 2(J'EiacE*¢ — i \EJOinOEiAB) (41)
1 .
=3 &~ K
where I; = j€;J™* are the spatial rotations and K; = Jo; = — J* are the

Lorentz boosts. Therefore
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5= 0= K 2
Bear in mind that both 3(L; — iK;) and 5(L; + iK;) obey the su(2) algebra."?
Actually, the boost charges are vanishing as can be seen from Eq. (30). Thus
we can obtain the angular momentum in the self-dual simple supergravity
once Jyy is known.

We make a few final remarks. The total charges take the same integral
form as those in the nonsupersymm etric case. Though we can obtain the SU(2)
sector of the SL(2, €) charges, the information of the angular momentum is
completely contained in the SU(2) charges. It can be seen from the surface
integrals that the angular momentum is governed by the r~2 part of é’. As
in refs. 1 and 2, we always assume that the phase space variables are subject
to the boundary conditions

2
MO, 9\ .
eliglor = (1 + )eAB“ + 0(1/r?),  Aws = O(1/r%) (43)

= Oo(1/r), Vs = O(1/r) (44)

where 45" denote the flat SU(2) soldering forms. As a consequence, under
the SL(2, C) transforms behaving as

L = A5+ o(1/r'™9) (€ > 0) (45)
where A are rigid transforms, the charges transform as
Jun = AR 45 (46)

i.e., they are gauge covariant. Their conservation is generally covariant. As
in the nonsupersymmetric case,”™ the currents also have potentials, i.e., can
be expressed as a divergence of an antisymmetric tensor density. So they are
identically conserved. Upon quantization, the Poisson brackets correspond
to the quantal commutators and their algebra realizes indeed the su(2) algebra.
This shows that the interpretations are reasonable.

It is novel that the relation between Jyn and the constraint is
the same as that between the electric charge and the Gauss law constraint
in QED,¥

JO_AB

VeE —ePyoy =0 (47)

J E-dS (48)
ox

q

So the Jyw is a kind of gauge charge.
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